Unconventional features in superconductivity are revealed by responses to impurity scattering. We study non-magnetic impurity effects in a three-dimensional topological superconductor, focusing on an effective model (massive Dirac Hamiltonian with s-wave on-site pairing) of Copper-doped bismuth-selenium compounds. Using a self-consistent T -matrix approach for impurity scattering, we examine in-gap states in density of states. We find that the results are well characterized by a single material variable, which measures relativistic effects in the Dirac Hamiltonian. In non-relativistic regime, an odd-parity superconducting state is fragile against non-magnetic impurities. We show that this behavior is caused by a p-wave character involved in the topological superconducting state. In contrast, we show that in relativistic regime the superconductivity is robust against non-magnetic impurities, owing to an s-wave character. To summarize, the system has two aspects, p-and s-wave features, depending on the weight of relativistic effects.
I. INTRODUCTION
Topological materials [1] [2] [3] [4] [5] are attracting a great deal of attention in condensed matter physics. The seminal studies [6] [7] [8] [9] indicate that a superconducting state can emerge, with topological invariants, such as the ThoulessKohmoto-Nightingale-Nijs invariant 10 and the KaneMele Z 2 invariant. 11, 12 Topological superconductivity is predicted in both two-and three-dimensional systems. Copper-doped bismuth-selenium compounds 13, 14 are candidates for bulk topological superconductors, and their properties are studied by different physical probes, including point-contact spectroscopy, 15, 16 magnetization curve, 17 and scanning tunneling spectroscopy. 18 Among them, the zero-bias conductance peaks with pointcontact spectroscopy 15, 16 can be strong evidence for the topological superconductivity, although identifying the gap-function type is an unsettled issue; the scanning tunneling spectroscopy measurement 18 shows that in Cu 0.2 Bi 2 Se 3 the density of states (DOS) at the Fermi level is a fully-gapped behavior, leading to a conventional (presumably, non-topological) superconducting state. Furthermore, the study about topological superconductors includes different physical areas, such as color superconductivity in quark matter.
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Impurity effects are typically studied for examining unconventional properties of superconductivity. [20] [21] [22] [23] [24] Assessing the impurity effects of topological superconductors is desirable for not only finding the unconventional features, but also developing a theory of nano-scale devices composed of these materials. The authors 25 studied the impurity effects in a two-dimensional topological superconductor with the Zeeman term. 9 Remarkably, the superconducting transition temperature for a certain magnetic-field domain is significantly affected by nonmagnetic impurities, although the pair potential has an isotropic s-wave character. The reduction of T c is linked with the occurrence of surface edge modes. This result arises a question. Do non-magnetic impurities diminish the superconductivity in other models, especially systems with time-reversal symmetry?
In this paper, we study the impurity effects in a three-dimensional topological superconductor, with timereversal symmetry and s-wave on-site pairing. Using a mean-field Hamiltonian and a self-consistent T -matrix approach for impurity scattering, we calculate the DOS and examine the presence of in-gap states, with two kinds of fully-gapped states, i.e., an even-parity state and an odd-parity one. We find that all the results are summarized well by a single material variable. This variable characterizes relativistic effects in the Dirac Hamiltonian for normal part of this model. When the system is in non-relativistic regime, the odd-parity state is suffered from non-magnetic impurities. In contrast, in relativistic regime, no low-energy excitation is induced by nonmagnetic impurity; the topological superconductivity is robust against non-magnetic impurities. To understand these behaviors, we derive an effective Hamiltonian in two limiting cases. In the non-relativistic limit, the effective Hamiltonian for the odd-parity gap function describes pwave superconductivity. Since the Anderson's theorem is violated for p-wave symmetry, the non-magnetic impurities induce low-energy in-gap states, and as a result the superconducting state is fragile. In the ultra-relativistic limit, the effective Hamiltonian is the same as the s-wave mean-field Hamiltonian, irrespective of the gap-function types. In contrast to the non-relativistic limit, the Anderson's theorem leads to the protection of the superconductivity from non-magnetic impurities. To sum up, the full-gap states in this topological superconductor have two aspects, p-and s-wave characters, depending on the weight of relativistic effects in the normal-state Dirac Hamiltonian.
The paper is organized as follows. Section II shows the model and our approach for impurity scattering in super-conductivity. We also define an indicator of relativistic effects. Section III is main part of this paper. We show the DOS for two different gap functions, either even parity or odd parity, changing the indicator of relativistic effects. The results are concisely summarized in Table I . Section IV is devoted to summary.
II. FORMULATION

A. Model
We study a model of a topological superconductor in a three-dimensional system, with mean-field approximation. Typically, this model is used for examining Copperdoped Bi 2 Se 3 in literature 7, 15, [26] [27] [28] [29] [30] [31] [32] . The parent compound is considered to be a three-dimensional strong topological insulator. The notable feature is the band structure around the Γ point 34 . The effective Hamiltonian with a strong spin-orbit coupling around Γ point is equivalent to that of the massive Dirac Hamiltonian with the negative Wilson mass term. This negative term creates an insulator with a topological twist, in terms of the Kane-Mele Z 2 invariant 11 . A low-energy effective theory of Cu x Bi 2 Se 3 is derived, with the chemical potential located in the conduction band.
7,15,26
The mean-field Hamiltonian is
The 8-component column vector Ψ k has the electron annihilation operators c k,α,s in the upper 4-component block (particle space) and the electron creation operators c † −k,α,s in the lower 4-component block (hole space), with momentum k, orbital α (= 1, 2), and spin s (=↑, ↓). The arrangement of the upper 4-component block is t (c k,1,↑ , c k,1,↓ , c k,2,↑ , c k,2,↓ ). The lower one is written in a similar manner. The Bogoliubov-de Gennes (BdG) Hamiltonian 15,26 is an 8 × 8 hermitian matrix,
with the normal-state Hamiltonian
and the 4 × 4 pairing potential matrix ∆ pair . The 4 × 4 complex matrices γ µ (µ = 0, 1, 2, 3) are the Gamma matrices in the Dirac basis 35 . Using the orbital 2 × 2 Pauli matrices σ i and the spin 2 × 2 Pauli matrices s i , we have γ 0 = σ 3 ⊗ 1 1 2 and γ i = iσ 2 ⊗ s i . We summarize the properties of the normal part h 0 and the superconducting part ∆ pair in the BdG Hamiltonian. First, we focus on the normal part. We use the following formulae 15 . For the diagonal block, we have
. The off-diagonal block has contributions from the spinorbit couplings,
,Ā 2 ,Ā 1 ) and the chemical potential µ will be set, in a manner compatible with literature.
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Next, we turn into the pairing potential ∆ pair . This 4 × 4 matrix must fulfill the relation t ∆ pair (−k) = −∆ pair (k), owing to the fermionic property of c k,α,s and c † k,α,s . 36 In this paper, we study the case when ∆ pair has no dependence on k. Using the above two properties, we have six possible superconducting classes. 26 They are classified by a Lorentz-transformation property. 28, 30, 31, 33 To see this point, we expand ∆ pair iγ 2 by a complete orthogonal system (a set of sixteen complex matrices) built up by the Gamma matrices and the identity. 35 A straightforward calculation leads to
with
The possible non-zero coefficients are related to a scalar (f s ), a pseudo scalar (f ps ), and a polar vector (f pv µ ). Since the spatial inversion in this system 8,37 is defined by P = σ 3 ⊗1 1 2 = γ 0 and transforms ∆ pair into P † ∆ pair P * , the parity of the six superconducting gaps 7,8 is described by are not zero, and the others vanish. This superconducting order is characterized topologically.
7,8 using an analogy with the Z 2 invariant for topological insulators with spatial inversion symmetry.
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B. Indicator of relativistic effects
We show a primary variable in this paper, to characterize the impurity effects in the present model. Let us examine normal-state part h 0 closely. We find that the mass M 0 and the spin-orbit couplings (Ā 2 andĀ 1 ) are related to a low-energy behavior of h 0 . Taking |k| → 0, we find that h 0 corresponds to the massive Dirac equation with anisotropy along the z-axis,
Therefore, we may define an indicator of relativistic effects in h 0 as
The Dirac Hamiltonian has two distinct behaviors, depending on β; a non-relativistic limit (β → 0, i.e., a large-mass limit) and a ultrarelativistic limit (β → ∞, i.e., a massless limit). This variable plays a central role for understanding the impurity effects.
C. Formalism for impurity scattering:
Self-consistent T -matrix approach
The effects of impurity scattering are taken as selfenergy, with the self-consistent T -matrix approximation. We consider the randomly distributed non-magnetic (magnetic) impurity potentials [e.g.,
]. The T -matrix for randomly distributed non-magnetic (magnetic) impurities 39 is
where N is the number of meshes in momentum space. The Green's function is
with the self-energy
The impurity concentration is written by n imp . The second term in Eq. (11) corresponds to the renormalization of the chemical potential µ, since in our calculations µ is fixed. If one self-consistently calculates µ with fixed particle number, this term is not needed. Solving Eqs. (7), (10), and (11) self-consistently, we obtain the density of states (DOS)
with given µ and gap amplitude ∆. We will examine the impurity effects in topological superconductivity, via the energy dependence of the DOS. We can find that the main results do not change, when performing the full selfconsistent calculations (i.e., the T -matrix formula with the gap equation).
III. RESULTS
We study the impurity effects of both even-and oddparity gaps, checking in-gap states at low-energy (less than 
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Let us summarize the parameter sets for numerically calculating the DOS in this paper. The k-mesh size is 256 × 256 × 256. We focus on a unitary-like scattering model with V 0 = 10 eV and n imp = 0.005, to study a case that the superconducting pair is broken drastically. The gap amplitude is ∆ = 0.1 eV for both even-and odd-parity superconducting states. The material parameters for most of the calculations are set by (D 1 ,D 2 ,B 1 ,B 2 ,Ā 1 ,Ā 2 ) = (0, 0, −0.5, −0.75, 1, 1.5), in unit of eV. When we choose different values, we will show them explicitly. The unit of energy is eV throughout this paper, unless otherwise noted. These parameters are the same as the ones in Ref. 15 . In the subsequent parts, the relativity indicator β is tuned, changing M 0 with |µ| − |M 0 | = 0.2 eV. This difference is the same value as in Ref. 15 .
A. Scalar gap (non-topological superconductivity)
We study the impurity effects of the scalar gap f s (even parity). We set M 0 = −0.6 eV and µ = 0.8 eV (i.e., β ∼ 0.88). Figure 1 shows that the non-magnetic impurities (green square) do not induce in-gap states. This result corresponds to the consequence of the Anderson's theorem 20 . Figure 1 also shows that the Anderson's theorem is broken for the magnetic impurities (blue triangle). What is an important thing here is that the resultant properties are completely equivalent to those of the conventional s-wave superconductivity.
B. Pseudo-Scalar gap (odd-parity topological superconductivity)
Let us focus on the impurity effects of the pseudoscalar gap (full-gap topological superconductivity). Firstly, we use the same mass and chemical potential as in Fig. 1 , (M 0 , µ) = (−0.6, 0.8) (i.e., β ∼ 0.88). Thus, we study the impurity effects in a non-relativistic region. Figure 2 shows that both the non-magnetic (green square) and the magnetic (blue triangle) impurities induce in-gap states. The result for the non-magnetic impurities is similar to that in a two-dimensional s-wave TABLE I. Summary of robustness against non-magnetic impurities, with different types of gap functions and β. The quantity β characterizes the weight of relativistic effects [See Eq. (6)]. When β < 1, the system is in non-relativistic regime, whereas when β > 1, the system is in relativistic regime. In the second column, according to Refs. 7 and 8, even parity indicates a non-topological state, while odd parity means a topological state. The fifth column shows the density of states without impurities at E = 3∆, to estimate normal-state contributions. The last column shows the corresponding figures. topological superconductor. 25 In the adopted parameters, the topological fully-gapped superconductivity is fragile against non-magnetic impurities.
Secondly, we examine β-dependence of the robustness against non-magnetic impurities. We set (M 0 , µ) = (−0.1, 0.3). It means that β ∼ 2.83 (a relativistic region). Figure 3 shows that the non-magnetic impurities (green square) does not induce any in-gap state. This remarkable effect is quite similar to the case for the non-topological fully-gapped superconductivity (See Fig. 1 ). We note here that in a high energy domain (e.g., E/∆ ∼ 3) the DOS for the non-magnetic impurities is much different from the one without impurities, compared to Figs. 1 and 2 . This originates from the fixed chemical potential and the resultant filling change. Now, we show that in the pseudo-scalar-type topological superconductivity the robustness against non-magnetic impurities is predominated by the relativity indicator β. Figures 2 and 3 show that the DOS at E = 3∆ for (M 0 , µ) = (−0.6, 0.8) (Fig. 2) is three times smaller than that for (M 0 , µ) = (−0.1, 0.3) (Fig. 3) . It indicates that the above calculations for a relativistic region are performed when the normal-state DOS is relatively small. Intuitively, this small normalstate DOS can be an alternative origin to reduce the effects of non-magnetic impurity scattering. To clarify the origin of the robustness, we examine a different model parameter set, (D 1 ,D 2 ,B 1 ,B 2 ,Ā 1 ,Ā 2 ) = (0, 0, −0.5, −0.75, 1/3, 1.5/3) and (M 0 , µ) = (−0.6, 0.8). The relativity indicator is β ∼ 2.83 (a relativistic region). We find that the spin-orbit couplings are three times smaller than in the parameter set in Figs. 2 and 3 . Figure 4 shows that the DOS at E = 3∆ is similar to Fig. 2 . We stress that the robustness against non-magnetic impurities is the same as in the previous relativistic region (See Fig. 3) . Therefore, we claim that the relativity indicator β characterizes well the robustness against non-magnetic impurities in the full-gap topological superconductivity. C. Unified picture of impurity effects with a relativistic effect
Now, we show deeper understanding of the present impurity effects, in terms of relativity. To see this point, we derive an effective BdG Hamiltonian in a clean case (n imp = 0), with either the non-relativistic limit (β → 0) or the ultra-relativistic limit (β → ∞). Since the relativity indicator β appears in a low-energy behavior in the normal-state Hamiltonian, we focus on linearized normalstate Hamiltonian (5). The 8 × 8 linearized BdG equations in the Dirac basis are 
Non-relativistic limit
We consider the non-relativistic limit (β → 0). Since the relativity indicator β vanishes when µ = M 0 , we use another variable µ ′ = µ − M 0 , for examining the non-relativistic case. The non-relativistic behaviors of the Dirac equation are obtained by expansion with respect to the order of 1/M 0 . In this approach 35 , the upper two components of the Dirac spinor in the Dirac basis is regarded as large components, whereas the others are small ones. Precisely speaking, the large components correspond to the +1-eigenspace of γ 0 in the Dirac basis. Dropping parts relevant to the small components order by order, projection onto the large components is achieved. In the BdG equations, we consider F and F ′ to be the large components. Then, we perform inversemass expansion, under the condition that E/|M 0 | ≪ 1, µ ′ /|M 0 | ≪ 1, and ∆/|M 0 | ≪ 1. The resultant equations are given as
For even parity (f s = 0 and f ps = 0), the above equations are equivalent to the BdG equations of the s-wave superconductivity. This indicates that the non-topological fully-gapped superconductivity is regarded as the conventional s-wave superconductivity, in the non-relativistic limit. In contrast, when f s = 0 and f ps = 0 (odd parity), the effective gap function (15) is equivalent to a p-wave one. Therefore, the pseudo-scalar gap function in the non-relativistic limit is fragile against non-magnetic impurities, since the Anderson's theorem is not valid in the p-wave superconductivity. This p-wave like behavior is consistent with the results by a quasi-classical approach 31 . Two of the authors (YN and MM) showed that the pseudo-scalar gap is equivalent to the spin-triplet order parameter, within the quasi-classical approximation. In the spin-triplet order parameter, the d-vector rotates in momentum space (i.e., d(k) ∝ k). Therefore, the superconductivity is broken significantly via impurity scattering. The induced DOS in the low energy region shown in Fig. 2 can be explained by this correspondence.
Ultra-relativistic limit
We study the ultra-relativistic limit (β → ∞). We use the Weyl basis, since the normal-state Hamiltonian with β → ∞ corresponds to the massless Dirac equation (the Weyl equation). The chirarity (i.e., the eigenvalues of γ 5 ) is good quantum number when M 0 → 0. Thus, in the Weyl basis γ 5 is a diagonal form (in the Dirac basis γ 0 is diagonal). We will use over-line symbol to specify the quantities in the Weyl basis. The linearized BdG equations are
and tφ = ( tF , tḠ , tF ′ , tḠ′ ). The 4 × 4 pairing potential matrix including the scalar and the pseudo-scalar gaps is
Taking M 0 → 0, we find that the BdG equations are divided into a left-handed sector (Ḡ andḠ ′ ) and a righthanded sector (F andF ′ ), for both the scalar and the pseudo-scalar gaps. As forḠ andḠ ′ , we have
We can find the same expression forF andF ′ , except for the sign factor in each block. Remarkably, both the scalar and the pseudo-scalar effective gap functions are equivalent to the s-wave gap function. Furthermore, we find that non-magnetic potential (8) and magnetic impurity potentials (9) are decoupled between the left-handed and the right-handed sectors in the Weyl basis. These results indicate that the present model in the ultra-relativistic limit has a robust feature against non-magnetic impurities associated with the Anderson's theorem, irrelevant with the parity.
IV. SUMMARY
In conclusion, we calculated the density of states and examined the presence of in-gap states in the threedimensional topological superconductors described by the massive Dirac Hamiltonian, using a self-consistent T -matrix approach. We found that the results are summarized well by the material variable β, which characterize relativistic effects in h 0 . In non-relativistic region, we find that the Anderson's theorem (i.e., the robustness against non-magnetic impurities ) is violated, since a pwave character involved in the topological superconducting order is predominant. In ultra-relativistic region, the effective Hamiltonian is the same as the s-wave Hamiltonian, irrespective of the gap-function types. Therefore, we claim that a three-dimensional topological superconductor with time-reversal symmetry and s-wave on-site pairing has either p-or s-wave characters, depending on the relativistic effects in the normal-state Hamiltonian.
